We consider wireless OFDM communications over rapidly varying channels as occurring e.g. in high-mobility scenarios. Here, intercarrier interference (ICI) is the major source of impairment that limits the transmission quality. In this paper, we propose novel equalizers to combat ICI and enable reliable communications even at high Doppler frequencies. In contrast to existing frequency-domain approaches, our schemes operate in the time domain. This allows a low-complexity implementation without introducing any systematic channel approximation errors. Numerical simulations illustrate the effectiveness of our approach and show that in conjunction with channel coding our methods achieve significant Doppler diversity.
INTRODUCTION

Background and Motivation
Orthogonal frequency division multiplexing (OFDM) is a communication scheme gaining more and more importance in wireless systems [1] . Examples include the WLAN and WMAN standards IEEE 802.11 and 802. 16 , respectively, as well as broadcasting applications like DVB-T, DAB, and DRM [2] [3] [4] [5] [6] . Usually, OFDM systems are designed so that no channel variations occur within the individual OFDM symbols. Recently, however, there has been increasing interest in rapidly varying channels, i.e., scenarios where the channel changes noticeably within an OFDM symbol (equivalently, channel coherence time is less than the OFDM symbol duration). In such situations, the underlying large Doppler shifts cause strong intercarrier interference (ICI), which becomes a major source of transmission impairment (apart from fading and noise). The reasons for the occurrence of rapidly varying channels are increased user mobility or non-negligible carrier frequency offsets. An example of recent practical relevance is the mobile reception of DVB-T (e.g. [7] ), which was originally conceived for fixed receivers. 
Previous Work
For severe ICI, conventional single-tap equalization in the frequency (subcarrier) domain breaks down in the sense that bit or symbol error rates saturate at high SNRs. The reason for this is the fact that above a certain SNR threshold, the ICI dominates the noise, i.e., the transmission is interference limited (see [8] [9] [10] [11] for an analysis of the impact of ICI on receiver performance).
Motivated by this fact, several approaches have been proposed to combat ICI in OFDM transmissions over rapidly varying channels. In this paper, we focus on solutions that involve receiver processing only in order to remain compliant with existing OFDM systems. We note that all of the corresponding ICI mitigation techniques proposed so far operate in the frequency domain. In [12] , minimum mean-square error (MMSE) and successive interference cancellation equalizers have been developed that use all subcarriers simultaneously. In [11] , MMSE and decision-feedback equalizers involving only a few neighboring subcarriers have been presented in order to reduce computational complexity. The idea of using only a few subcarriers for equalization amounts to approximating the frequency-domain channel matrix by a banded matrix and has been further exploited for equalizer design using the LDL factorization in [13] . An iterative MMSE equalizer preceded by an "ICI-shaping" stage that concentrates the ICI power within a small band of the channel matrix is described in [14] . Alternative frequency-domain equalization approaches that model the channel variations using a firstorder polynomial are described in [7, 15] .
Contributions
The paper contains the following original contributions:
• We propose to perform linear equalization and ICI mitigation in the time domain instead of the frequency domain, using the actual receive signal before FFT demodulation. This has the advantage that the channel matrix in the time domain is strictly banded.
• We develop low-complexity equalizer implementations using two regularization algorithms (cf. [16] ). Both schemes exploit the band structure of the channel matrix and have complexity scaling linearly with the number of subcarriers.
-The first approach is time-domain MMSE equalization, which we show to be mathematically equivalent to frequency-domain MMSE equalization but which features significantly lower complexity. -The second proposed equalizer is based on the LSQR algorithm [17] , which is an efficient and numerically stable implementation of the iterative conjugate gradient method for normal equations (CGNE). Here, regularization is achieved by early termination of the iterations.
• We show bit error rate (BER) simulations for a convolutionally encoded OFDM system incorporating our equalization techniques. These simulations confirm the effectiveness of our schemes and illustrate their superiority over conventional single-tap equalization. Furthermore, in conjunction with the channel code our methods are seen to achieve significant Doppler diversity.
SYSTEM MODEL
We consider transmission over a time-varying frequency-selective fading channel characterized by its impulse response h[n, m]. We assume that the channel has maximum delay L − 1, i.e., h[n, m] = 0 for m = 0, . . . , L − 1. We do not make any assumptions regarding the amount of time-variation (equivalently, Doppler frequency) in the channel. For a classical OFDM system with cyclic prefix (CP) duration L cp ≤ L, all OFDM symbols can be processed separately. Hence, in the subsequent discussion we only consider the first OFDM symbol for simplicity. We consider a CP-OFDM system with K subcarriers which results in a symbol duration of N = K + L cp . The length-K vector a = (a 0 , . . . , a K−1 )
T containing the frequency-domain OFDM transmit symbols a k is obtained from the information bits via convolutional encoding, interleaving, and symbol mapping using a finite symbol alphabet A. The OFDM modulator constructs the time-domain transmit signal using an inverse discrete Fourier transform as
We define the length-
, and rewrite (1) compactly as
(here, superscript H denotes Hermitian transposition).
When sending x[n] over the channel, the receive signal equals
with w[n] denoting stationary white Gaussian noise of variance σ 2 . Discarding the CP (i.e., retaining only y[n], n = 0, . . . , K − 1) and using the fact that
Here, H is the K × K time-domain channel matrix with
A fundamental observation at this point is that the channel matrix H has only KL nonzero elements. Since L ≤ L cp K, this means that H is a sparse matrix.
The OFDM demodulator calculates the receive sequence
T and using (2), (4), we obtain the frequencydomain input-output relatioñ y = Fy =Ha +w .
Here, the frequency-domain channel matrix is given byH = FHF H andw = Fw ∼ N (0, σ 2 I). In the case of a time-invariant channel, H is a cyclic matrix and henceH is diagonal, i.e., there is no ICI. In this case, single-tap equalization is sufficient. In the time-varying casẽ H is no longer diagonal and significant ICI can occur. For low to medium Doppler, however,H has noticeable off-diagonal decay and can hence be reasonably approximated by a banded matrix [11] . The number of off-diagonals to be taken into account depends on the maximum Doppler frequency and the desired approximation accuracy.
PROPOSED EQUALIZERS
Current state-of-the art to combat ICI uses frequency-domain equalization with equalizer designs using a band matrix approximation ofH [11, 13, 14] . This is motivated by the scalar per-carrier equalizers used in the time-invariant case. This approach introduces a systematic error and is useful (in terms of complexity) only for low-to-medium Doppler frequency.
In this paper, we propose to perform equalization in the time domain. This amounts to solving (4) in the leastsquares or minimum mean-square error sense for x. The time-domain channel matrix H is already a sparse, banded matrix, with only KL nonzero elements. Hence, systematic errors caused by channel approximations can be avoided and efficient equalizer implementations can be obtained. The output signalx of the time-domain equalizer is transformed to the subcarrier domain,â = Fx, quantized, demapped, deinterleaved, and finally decoded.
Since the channel matrix H can have a very high condition number (particularly in the high delay and high Doppler regimes), solutions using ZF equalization perform poorly and regularization techniques (cf. [16] ) have to be considered. Below we investigate two approaches: MMSE equalization and equalization based on the LSQR algorithm [17] . Both schemes are computational efficient and achieve reasonable trade-offs between ICI equalization and noise enhancement. We note that equalization schemes exploiting the finite alphabet property (e.g., Viterbi detection, decision feedback equalization) cannot be used since in our context the symbols live in another domain than the domain where we equalize.
MMSE Equalizer
Time-domain MMSE ICI equalization amounts fo finding the linear equalizer matrix W such that Wy is closest to x in the MMSE sense, i.e.,
The solution of this minimization problem is straightforwardly obtained as
The MMSE equalizer output equalŝ
Since H is sparse with KL nonzero elements, it can be shown that H H H is sparse as well with K(2L−1) nonzero elements, which can be computed using 2KL 2 flops. The overall complexity of computingx can be shown to require O(KL 2 ) operations and hence scales only linearly with the number of subcarriers K.
The MMSE equalizer outputx MMSE is mapped to the frequency domain as Fx MMSE and afterwards quantized with respect to the symbol alphabet. Since the DFT matrix F is unitary, Fx MMSE equals the solution of frequency-domain MMSE equalization. Indeed, using I = F H F = FF H and
We conclude that time-domain and frequency-domain MMSE equalization are mathematically equivalent and result in the same performance. However, full-blown frequency-domain MMSE equalization in general has complexity O(K 3 ). Using a frequency domain band approximation, complexity equals O(K B
2 ), where B denotes the number of diagonals used in the band approximation. Hence, in the high-Doppler regime where B > L, time-domain MMSE equalization should be preferred over frequency-domain MMSE equalization due to lower complexity and the fact that no systematic band approximation error is present.
LSQR Equalizer
LSQR is an iterative algorithm for solving least squares problem specifically tailored to sparse matrices [17] . It is equivalent to the conjugate gradient method for the normal equations (CGNE) H H Hx = H H y but has better numerical properties. The normal equations are obtained from (4) [18] and a cheap QR decomposition to solve the least-squares problem (see the Appendix for further details). A close look at the LSQR implementation reveals that each iteration requires O(KL) flops.
We note that although LSQR is described via Krylov subspaces generated by H H H, its performance is actually governed by the condition number κ(H) of H and not by the condition number of H H H which is the square of κ(H). This property is crucial, since large condition numbers of H occur frequently in the high Doppler and high delay regimes. The latter is also the reason why regularization is inevitable. With LSQR, regularization is achieved via an early termination of the iteration process (see e.g. [16] ). The regularizing behavior is due to the fact that the initial iterations reduce the approximation error Hx i − y in the directions of the dominant right singular vectors of H, which are less affected by noise than the directions corresponding to small singular values. There is an optimum number I of LSQR iterations (with regard to the error Hx i − y 2 ) for which most of the channel distortions are equalized while noise enhancement simultaneously is low. Fewer iterations result in larger residual ICI and more iterations cause more pronounced noise enhancement. However, the corresponding minimum usually is not very pronounced, i.e., doing slightly more or slightly less than I iterations does not change the result dramatically. We further observed that the optimum number of iterations tends to grow slowly with increasing Doppler but keeping the number of iterations fixed does not degrade performance noticeably.
We conclude that LSQR is particularly attractive due to its numerical stability, inherent potential for regularization, and low computational complexity of O(KLI) flops in total. For I < L, the LSQR equalizer is even more efficient than the MMSE equalizer discussed in Section 3.1. In Section 4 we will furthermore see that LSQR has the potential to significantly outperform MMSE equalization.
SIMULATION RESULTS
Simulation Setup
We present numerical simulations for an OFDM system with K = 256 subcarriers and a CP length of L cp = 16 samples. We used a rate 1/2 convolutional code (generator polynomial (13 8 , 15 8 ) ), 32 × 16 row-column interleaving, and a 4-QAM symbol alphabet with Gray labeling. A wide-sense stationary uncorrelated scattering channel [19] with a uniform delay and Doppler profile was simulated according to [20] . The maximum delay of the channel was L = 10 and maximum normalized Doppler (physical Doppler frequency divided by subcarrier spacing) ranged from 1% to 27%. For the LSQR equalizer, we used a fixed number of I = 15 iterations.
BER versus SNR
For a normalized Doppler spread of 27%, Fig. 1(a) compares the coded bit error rates (BERs) versus SNR obtained with our proposed equalizers and a conventional single-tap equalizer that ignores ICI. It is seen that single-tap equalization strongly suffers from residual ICI, which results in a BER saturation at 6 · 10 −3 at SNRs larger than 20 dB. In contrast, our low-complexity methods succeed in combatting ICI and thus outperform single-tap equalization by orders of magnitude. At an SNR of 15 dB, conventional equalization yields a BER of 9 · 10 −3 , whereas our proposed MMSE and LSQR equalizers achieve a BER of 5·10 −4 and 3·10 −5 , respectively. Furthermore, for the case considered, LSQR equalization achieves better performance than MMSE equalization. To achieve 10 −4 BER, MMSE equalization requires an SNR of 22 dB whereas LSQR achieves the same performance at an SNR of only 13 dB. This performance advantage can be explained by the observation that LSQR initially tends to correct only the channel phases (apart of reducing ICI), which in turn allows reliable recovery of the 4-QAM symbols with very small noise enhancement. This advantage of LSQR will be less pronounced, however, for higher-order symbol constellations. Fig. 1(b) shows coded BER versus normalized Doppler frequency at a fixed SNR of 17 dB. For normalized Doppler frequencies below 5% all methods have essentially identical performance. For increasing Doppler, however, single-tap equalization breaks down quickly and BER deteriorates significantly since ICI is not mitigated. On the other hand, the BER achieved with MMSE and LSQR equalization decreases with growing Doppler (only weakly, however, for the MMSE equalizer). This is due to the fact that in conjunction with the channel code our schemes allow to exploit large amounts of Doppler diversity in addition to delay diversity [21] . Again, the LSQR approach is seen to outperform MMSE equalization whose BER saturates at 2 · 10 −4 whereas the BER of LSQR decreases with almost constant slope. We note that this performance gain of LSQR comes at no extra computational costs since for fixed iteration number LSQR complexity does not depend on the Doppler frequency. For 25% normalized Doppler, LSQR equalization (BER 6 · 10 −6 ) outperforms conventional equalization (BER 8 · 10 −3 ) by more than three orders of magnitude.
BER versus Doppler
CONCLUSIONS
We proposed two time-domain ICI equalization schemes for OFDM systems operating over channels with rapid time-variations. Such scenarios occur e.g. with the mobile reception of DVB-T. Our time-domain approach has the advantage of allowing for low-complexity implementations since the channel corresponds to a sparse matrix. Moreover, systematic errors can be avoided because no channel approximation needs to be performed. In addition to MMSE equalization, we introduced an iterative conjugate gradient based equalizer using the LSQR algorithm. Apart from low complexity that scales linearly with the number of subcarriers, our equalizers show excellent performance and even allow to realize significant Doppler diversity in conjunction with channel coding.
